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ABSTRACT 
We give a method to compute all nonnegative integer solutions of a homogeneous 
system of linear equations. We use this method to provide an algorithm to compute all 
nonnegative integer solutions of homogeneous systems of equations having some of 
the equations in congruences. © 1998 Elsevier Science Inc. 
INTRODUCTION 
Given a system Ax = b of m linear equations in n indeterminates with 
integer coefficients, it can be shown, using Cramer's rule, that if the system is 
solvable then it has a solution whose coordinates are integer numbers 
bounded by the maximum of the absolute values of the r × r minors (with 
r = rank(A)) of the augmented matrix (A b) (since we are going to refer to 
this quantity later, we denote it by D). The question of the size of the 
"smallest" integer solution of a system of linear equations with integer 
coefficients i important in the theory of diophantine approximations and in 
complexity theory. Siegel showed in [7] that if the system is homogeneous 
(b = 0) and n > m, then the system admits an integer solution with coordi- 
nates bounded by 1 + (nB) m/~n-"O, where B is a bound for the coefficients 
of the system of equations. For the nonhomogeneous case (b ~ 0), Borosh 
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et al. show in [2] that a bound for the coordinates of an integer solution is D. 
Besides, one can find the set of all integer solutions of the homogeneous 
system Ax = 0 using, for example, the algorithm to compute the normal 
Hermite form of A or the LLL algorithm presented in [4]. 
In this paper, we study the problem of finding all the solutions of Ax = 0 
with nonnegative integer coordinates. In order to achieve a method to solve 
this problem, we compute a minimal generating system for this set of 
solutions, that is to say, a set of solutions {s x . . . . .  s t} satisfying the condition 
that every nonnegative interger solution of Ax = 0 belongs to (s t . . . . .  s t )  = 
{Y'.t/= l a is~la  i ~ N} (where N stands for the set of nonnegative integers), and 
such that no other proper subset of {s 1 . . . . .  s t} fulfills the same condition. We 
show that the elements  1 . . . . .  s t can be found in the set of integer vectors 
(x 1 . . . . .  x n) such that x 1 + ' "  +x  n <~(r -  1 ) (n - r )D .  The problem of 
determining how "small" nonnegative integer solutions of Ax = 0 can be has 
been studied by Borosh in [1], where it is shown that if the system is solvable, 
then it admits a solution whose coordinates are nonnegative integers less 
than D. 
We extend the method just described to solve the problem of finding 
nonnegative integer solutions of homogeneous systems of linear equations 
with integer coefficients, where some or all of the equations are in the form 
of congruences. This is equivalent to finding a system of generators for the 
semigroups of the form M O N", with M an additive subgroup of7/n (where, 
as usual, 7/denotes the set of integers). This class of semigroups coincides, up 
to isomorphism, with the class of normal semigroups. The importance of 
normal semigroups i due to the fact that if S is a normal semigroup and K is 
a field, then the semigroup ring K[S]  = ~E s KY  s is Cohen-Macaulay (see 
[3] and [6]). 
1. COMPUTING THE NONNEGATIVE SOLUTIONS OF A 
HOMOGENEOUS SYSTEM WITH INTEGER COEFFICIENTS 
In this section, we study the semigroups of the form S = M f) N n with 
M a subgroup of 7/n whose defining equations are homogeneous, i.e., of the 
form 
X 1 
Ax = (q  ... c . )  " =0 
X n 
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with c i ~ ~_m for some positive integer m. Note that S is the set of 
nonnegative integer solutions of this system of equations. 
We are going to give a method to compute a minimal system of genera- 
tors for S, which is based on the next result and certain bounds which arise in 
the study of complexity problems related to binomial ideals. 
LEMMA 1. Let  {s I . . . . .  s t} be the set o f  minimals o f  S \ {0} (w i th  respect 
to the usual ordering in ~:  a <~ b i f  and only i f  b - a ~ ~) .  Then 
s = <s,  . . . . .  ~,>. 
Proof. Let s ~ S. I f  s v~0, then there exists i ~{1 . . . . .  t} such that 
s i <~ s. Hence, by definition of ~<, we have s -  s i ~ ~k  and therefore 
s - s i ~ S, because s - s i belongs also to M. Now, if s - s i is not zero we 
can proceed as before. This process must stop, because otherwise we would 
have an infinite descending chain with respect to ~< , which is not possible. 
When this process stops, it is because the resulting element is zero, and this 
gives us the expression s - ~_ .a i8  i = 0 and therefore s ~ (s 1 . . . . .  st>. • 
Thus, if we want to know all nonnegative integer solutions of the system 
Ax = O, it is enough to find the minimal nontrivial solutions which are in t~ ~. 
We are going to show that these minimal elements are in a finite set which 
can he easily constructed. In order to do that, we need some results 
concerning binomial ideals and presentations of semigroups. 
The map 
~0:~" ~ S' =(c  1 . . . . .  c,> ___Z/m, 
q~(a 1. . . . .  a~) = ~] aic i 
induces the following morphism of K-algebras: 
K[x ,  . . . . .  xn] - ,  r [ s ' ] ,  
~( x a) = y ~(°~ 
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ls, =(  Xa - Xb : (a ,b )  E~ M), 
where ~u ={(a ,b )~ t~2" :a -b  ~M}.  
Note that S = [0], where [0] denotes the zero class in t~n/~ u.  That is to 
say, if we take and element s ~ S, then (s, 0) ~ ~~t ,  and if we take an 
e lement (s, 0) ~ ~ ~t, then s must be in S. 
Given an element u E M, it can be written as u = u +-  u - ,  with u +, 
u -~ [~'. Thus, for any u ~ M, we have that X u÷-  X ~ E Is,. Besides, if  
X ~-X  b ~ Is , , then  a-b  ~M.  
DEFINITION 2. An e lement X u+ - X u- ~ I s, is called primitive if there 
exists no other e lement X ~+-  X~-~ I s, such that X ~* divides X u÷ and 
X ~- divides X ~-. 
Note that if s is a minimal e lement in S, then X ~ - 1 ~ I s, is primitive. 
This fact is going to give us the key to compute the minimal elements in S, as 
the next theorem shows: 
THEOREM 3 (Theorem 4.7 in [8]). Let rank A = r and D = 
max{Idet(ci~ . . . . .  c~r)J: 1 ~< i 1 < "" < i t <~ r}. The total degree o f  any pr imi-  
tive binomial in I s, is less than ( r  + 1)(n - r )D .  
Now, since if s ~S is a minimal e lement then X s -  1 E I  s, is a 
primitive element, we have that if s = (a l , . . . ,  a , )  then ~]"i=lai ~<C = 
( r  + 1)(n - r )D .  Note that r and D are easy to compute. This enables us to 
calculate the minimals of S, since we only have to sweep a finite region, the 
one bounded by the condition of having total degree C. Note also, that we 
can always assume that m = r. 
EXAMPLE 4. Let M be the abelian group whose equations are 
x+y-z - t=O,  
2x  - 5z = O. 
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The semigroup S' is generated by {(1, 2), (1, 0), ( - 1, - 5), ( - 1, 0)}. The 
maximum absolute value of the determinants i D = 5, and therefore, 
C =3×2×5 =30.  Hence, the region to sweep is {(x, y, z, t) ~ ~4: 
x + y + z + t ~< 30}, and the elements in this region are 
{(0, 0, 0, 0), (0, 1, 0, 1), (0, 2, 0, 2), (0, 3, 0, 3), (0, 4, 0, 4), (0, 5, 0, 5), 
(0, 6, O, 6), (0, 7, O, 7), (0, 8, O, 8), (0, 9, O, 9), (0, 10, O, 10), (0, 11, O, 11). 
(0, 12, O, 12), (0, 13, O, 13), (0, 14, O, 14), (0, 15, O, 15), (5, O, 2, 3), 
(5, 1, 2, 4), (5, 2, 2, 5), (5, 3, 2, 6), (5, 4, 2, 7), (5, 5, 2, 8), (5, 6, 2, 9), 
(5, 7, 2, 10), (5, 8, 2, 11), (5, 9, 2, 12), (5, 10, 2, 13), (10, O, 4, 6), (10, 1, 4, 7), 
(10, 2, 4, 8), (10, 3, 4, 9), (10, 4, 4, 10), (10, 5, 4, 11), (15, O, 6, 9)}. 
The minimals of this set (excluding the zero element) are {(0, 1, 0, 1), 
(5, 0, 2, 3)}. Thus S = ((0, 1, 0, 1), (5, 0, 2, 3)). 
2. COMPUTING THE NONNEGATIVE ELEMENTS OF A 
SUBGROUP OF 7/n 
Now, the problem is to compute the solutions with nonnegative coordi- 
nates of a system of equations of the form 
a l lx  I + . . .  +a l , ,x  ~ =--0 (mod dl),  
ar lX  1 + "'" +ar ,  x . =-0  (rood d~), 
ar+l lX  1 q- "'" -k -a4+lnX n -~ O, 
a r+k lX  1 -q- . . .  "~t -ar+knX n = O. 
If we denote by M ___ 77 n the set of solutions of this system, the problem 
we want to solve is to compute a system of generators of the affine semigroup 
M A N n. It is easy to show that this kind of semigroup is also generated by its 
minimals, as we did in Lemma 1. 
We are going to transform the above system of equations into a system of 
linear equations without congruences, and then apply the results given in the 
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last section. Then, we will show how to reconstruct the nonnegative integer 
solutions of the former system of equations from the solutions of the new 
system of equations. Let M'  be the set of the solutions of the system of 
equations 
a l lx l  + . . .  +a lnx  n + d ly  1 - d tz  1 = O, 
a, . lx  1 + .. .  +a, . , ,x , ,  + dry  r - d rz  r -= 0,  
ar+l lX  1 -J- "'" - I -a r+ lnX  n = 0 ,  
ar+k lX  1 -I- . . . . .} . -a r+knX n = O. 
We can compute a system of generators of the semigroup S'  = 1~" + 2,- A 
M '  using what we already know for linear systems of homogeneous equations. 
Let us denote by ~" the projection 
71" : [~]n+2r ~ ~n 
7r(a 1 . . . . .  a, ,  an+ 1 . . . . .  a,,+zr) = (a  t . . . . .  a , ) .  
I f  s = (a  1 . . . . .  a,~) ~- S, then 
aax  1 + ...  +a~,x ,  = k~d~ 
for all i ~ {1 . . . . .  r}. We define 
[O  if k i>10,  [k  i if k,>_-0, 
bi  = I - - k  i otherwise, ci = /0  otherwise. 
Take s' =(a  I . . . . .  a,,  b 1 . . . . .  b r, c 1 . . . . .  Or). Clearly, s '~  S' and 
7r(s') = s. I f  S' = (s] . . . . .  s ' ) ,  then there exist l 1 . . . . .  I m ~ ~1 such that 
s '  = E l is'  i. Thus, s --- ~r(s') = E li'n'(s~). This shows that S can be gener- 
ated by {Tr(s'l) . . . . .  7r(S'm)}. 
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